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INVERSION OF “MODULO p REDUCTION”
AND A PARTIAL DESCENT FROM CHARACTERISTIC 0 TO
POSITIVE CHARACTERISTIC
SHIHOKO ISHII
Abstract. In this paper we focus on pairs consisting of the affine N-space
and multiideals with a positive exponent. We introduce a method “lifting to
characteristic 0” which is a kind of the inversion of “modulo p reduction”.
By making use of it, we prove that Mustat¸aˇ-Nakamura’s conjecture and some
uniform bound of divisors computing log canonical thresholds descend from
characteristic 0 to certain classes of pairs in positive characteristic. We also
pose a problem whose affirmative answer gives the descent of the statements
to the whole set of pairs in positive characteristic.
1. Introduction
For studies of singularities in characteristic 0, there are many tools; resolutions of
the singularities, Bertini’s theorem (generic smoothness), many kinds of vanishing
theorems, etc., which are not available for singularities in positive characteristic.
So, in order to avoid these difficulties, one way is to reduce our problems in positive
characteristic into the problem in characteristic 0. In this paper, we introduce
“lifting to characteristic 0” which is a kind of inversion of “modulo p reduction”
and show that some statements in characteristic 0 descend into a certain class of
pairs in positive characteristic.
In this paper we focus on a special object that is a pair (A, ae) consisting of
the affine space A = ANk over an algebraically closed field k and a “multiideal”
a
e = ae11 · · · aess on A with the exponent e = {e1, . . . , es} ⊂ R>0. When we say “a
pair”, we always mean this object. Sometimes we treat the case s = 1, e1 = 1.
Definition 1.1. Let k be an algebraically closed field of characteristic p > 0 and
Sk a class of pairs (ANk , ae). Let TC be a class of pairs (ANC , a˜e). We say that a
statement P in TC descends to Sk, when the following holds:
If P holds in TC, then P also holds in Sk.
Note that we do not discuss about that P actually holds in TC but discuss
about the possibility for P in TC to descend to Sk. In this paper we consider
Mustat¸aˇ-Nakamura’s conjecture, ACC conjecture for minimal log discrepancies and
a uniform bound of divisors computing log canonical thresholds as the statement
P .
Mustat¸aˇ-Nakamura’s conjecture is as follows:
Conjecture 1.2 (MN,e). Let A = A
N
k be defined over an algebraically closed field
k and let 0 ∈ A be the origin. Given a finite subset e ⊂ R>0, there is a positive
integer ℓN,e (depending on N and e) such that for every multiideal a
e on A with
the exponent e, there is a prime divisor E that computes mld(0;A, ae) and satisfies
kE ≤ ℓN,e.
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This conjecture is very useful, for example it guarantees lower semi continuity
of the map
ANk → R≥0 ∪ {−∞}; x 7→ mld(x;ANk , ae),
and also stability of log canonicity under deformations, which are not known in
positive characteristic.
Ascending chain condition (ACC) conjecture, which is important in birational
geometry, is as follows:
Conjecture 1.3 (AN ). Let A, N and 0 be as above. For every fixed DCC set
J ⊂ R>0, the set
{mld(0;A, ae) | e ⊂ J, (A, ae) is log canonical at 0}
satisfies ascending chain condition (ACC).
Note that, in characteristic 0, MN,e holds for any finite exponent e if and only
if AN holds by [13] and [10].
Another statement we would like to let descend from characteristic 0 to positive
characteristic is the following which is proved by Shibata in characteristic 0 (for
the proof, see the appendix of this paper).
Proposition 1.4. Let m be the maximal ideal defining the origin 0 ∈ AN
C
. Then,
for a positive integer µ, there is a positive integer LN,µ depending only on N and
µ such that for every m-primary ideal a on AN
C
with mµ ⊂ a, there is some prime
divisor E over AN
C
that computes lct(0;AN
C
, a) and satisfies kE ≤ LN,µ.
Idealistically, these three statements would descend from a set of pairs (AN
C
, a˜e)
to the whole set of pairs (ANk , a
e) for a field k of positive characteristic. However,
what we obtain in this paper are for some restricted set of pairs (ANk , a
e). Now we
give the restriction for pairs.
Definition 1.5. Let k be an algebraically closed field of arbitrary characteristic.
For a pair (ANk , a
e), we say that the minimal log discrepancy mld(0;ANk , a
e) has a
toric approximation if either
for every ǫ > 0, there exists a toric prime divisor Eǫ over A
N
k such that
|a(Eǫ;ANk , ae)−mld(0;ANk , ae)| < ǫ,
or there exists a toric prime divisor over ANk computing mld(0;A
N
k , a
e).
Here, a toric prime divisor means a prime divisor over ANk such that the corre-
sponding valuation is a discrete monomial valuation (see Definition 3.1 for details).
Definition 1.6. Let k be an algebraically closed field of arbitrary characteristic.
Let a be a coherent ideal sheaf on ANk . For a pair (A
N
k , a), we say that the log
canonical threshold lct(0;ANk , a) has a toric approximation if for every ǫ > 0 there
exists a toric prime divisor Eǫ over A
N
k such that∣∣∣∣kEǫ + 1valEǫa − lct(0;ANk , a)
∣∣∣∣ < ǫ.
Definition 1.7. For an algebraically closed field k, we define the sets Mk and Lk
of pairs as follows:
Mk = {(ANk , ae) | N ≥ 1, e ⊂ R>0,mld(0;ANk , ae) has a toric approximation},
Lk = {(ANk , a) | N ≥ 1, lct(0;ANk , ae) has a toric approximation}.
The results of this paper are the following:
Theorem 1.8. Let k be an algebraically closed field of characteristic p > 0.
Mustat¸aˇ-Nakamura’s conjecture for all pairs in characteristic 0 descend to Mk.
And in this case there is a prime divisor over ANk computing mld(0;A
N
k , a
e).
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Here, we note that existence of a prime divisor computing the minimal log dis-
crepancy is not known in general in positive characteristic, since existence of reso-
lutions of singularities is not known.
As Mustat¸aˇ-Nakamura’s conjecture holds for any pair (A2
C
, ae), we obtain the
following:
Corollary 1.9. Let k be an algebraically closed field of characteristic p > 0.
Mustat¸aˇ-Nakamura’s conjecture holds for pairs (A2k, a
e) in Mk.
By the fact that Mustat¸aˇ-Nakamura’s conjecture holds for any pair (AN
C
, ae),
such that ai’s are all monomial ideals and by some additional discussions we obtain
the following:
Corollary 1.10. For an algebraically closed field of characteristic p > 0, in the
set of pairs (ANk , a
e) such that ai’s are all monomial ideals, Mustat¸aˇ-Nakamura’s
conjecture and ACC conjecture hold.
About log canonical threshold we obtain the following:
Theorem 1.11. Proposition 1.4 holds in Lk for an algebraically closed field of
positive characteristic. I.e., let k be an algebraically closed field of positive char-
acteristic. Let m be the maximal ideal defining the origin 0 ∈ ANk . Then, for a
positive integer µ, there is a positive integer LN,µ depending only on N and µ such
that for every m-primary ideal a such that mµ ⊂ a and (ANk , a) ∈ Lk, there is some
prime divisor E over ANk that computes lct(0;A
N
k , a) and satisfies kE ≤ LN,µ.
As a corollary, we obtain the following:
Corollary 1.12. Let m be as above. Then for a pair (ANk , a) ∈ Lk with m-primary
ideal a there exists a prime divisor over ANk computing lct(0;A
N
k , a).
Note that in positive characteristic case, existence of prime divisors computing
the log canonical threshold is not known in general, as existence of resolutions of
singularities is not known.
This paper is organized as follows: In the second section, we establish the basic
notions of lifting of polynomials to characteristic 0. In the third section, we inter-
pret Mustat¸aˇ-Nakamura’s conjectures into a conjecture in terms of jet schemes. In
the forth section, as applications of lifting to characteristic 0, we prove the theo-
rems and also pose a problem whose affirmative answer would give descent of the
statements to the whole set of the pairs of positive characteristic. We also show
some applications of the affirmative answer of the problem. In the appendix, the
proof of Proposition 1.4 for characteristic 0 is given by Kohsuke Shibata. Our result
on log canonical threshold is based on this.
Acknowledgement. The author would like to express her hearty thanks to
Kazuhiko Kurano for simplifying the proof of Proposition 2.3 and Kohsuke Shibata
for helpful comments on the preliminary version of this paper and for providing
with the proof of Proposition 1.4 for characteristic 0 (his proof is included in the
appendix of this paper). She is also grateful to Mircea Mustat¸aˇ for his comments
and an application of the descent to whole the set of pairs under the assumption
that Problem 4.2 is affirmatively solved (it is Proposition 4.5.) The author also
thanks the members of Singularities Seminar at Nihon University for the constant
encouragements.
2. Preliminaries on lifting to characteristic 0
In this section, we do not assume the algebraic closedness of the base fields.
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We introduce a method “lifting to characteristic 0” which constructs objects in
characteristic 0 from objects in positive characteristic.
Definition 2.1. Let S be an integral domain of characteristic 0, i.e., the canonical
homomorphism Z → S of rings is injective. For a prime number p ∈ Z, we denote
the canonical projection by Φp : S → S ⊗Z Z/(p).
(1) (Basic case) For f˜ ∈ S and f ∈ S ⊗Z Z/(p), we say that f˜ is a lifting to
characteristic 0 (or just a lifting) of f , if Φp(f˜) = f . In this case we also
write f˜(mod p) = f .
(2) Let f = {f1, f2, . . . , fr} be a set of elements of an integral domain R of
characteristic p > 0. Let f˜ = {f˜1, f˜2, . . . , f˜r} be a set of elements of an
integral domain R˜ of characteristic 0.
We say that f˜ is a lifting to characteristic 0 (or just a lifting) of f and
write f˜(mod p) = f , if the following holds:
(a) there exists a subring S ⊂ R˜ and an injective homomorphism ι :
S ⊗Z Z/(p) →֒ R of rings;
(b) Identify the ring S ⊗Z Z/(p) and its image by the injection ι. The
inclusions f˜ ⊂ S and f ⊂ S⊗Z Z/(p) hold with the following relations:
f˜i(mod p) = fi for every i = 1, 2, . . . , r.
In this case, we call S a subring supporting the lifting f˜(mod p) = f .
(3) Let a be an ideal of an integral domain R of characteristic p > 0. Let a˜
be an ideal of an integral domain R˜ of characteristic 0. We say that a˜ is a
lifting to characteristic 0 (or just a lifting) of a and write
a˜(mod p) = a
if there exist systems of generators f = {f1, . . . , fr} of a and f˜ = {f˜1, . . . , f˜r}
of a˜, respectively, such that
f˜(mod p) = f .
If S is a subring supporting the lifting f˜(mod p) = f , we also call S a
subring supporting the lifting a˜(mod p) = a.
Remark 2.2. (1) Note that a lifting of an ideal is not unique and the height
of the ideal is not preserved by a lifting. We also should note that a lifting
of a prime ideal is not necessarily prime.
(2) When we define Φp : S → S ⊗Z Z/(p) as the canonical projection, it is
obvious that the inclusion Φp(a˜ ∩ S) ⊃ a ∩ (S ⊗Z Z/(p)) holds. In general
the equality does not hold.
we obtain the following lifting to characteristic 0.
Proposition 2.3. Let α = {α1, α2, . . . , αn} be a set of finite elements of a field k
of characteristic p > 0. Then, there is a subset α˜ = {α˜1, α˜2, . . . , α˜n} ⊂ C such that
α˜ (mod p) = α.
Proof. Considering the subring Z/(p)[α1, . . . , αn] ⊂ k, we obtain canonical surjec-
tions:
R := Z[Y1, . . . , Yn]
ψ−→ S := Z/(p)[Y1, . . . , Yn] ϕ−→ Z/(p)[α1, . . . , αn]
with Yi 7→ αi. Let P := Kerϕ ⊂ S and Q := Kerϕ · ψ ⊂ R, then these are prime
ideals in the regular rings. Therefore RQ and SP are also regular local rings. Hence
we obtain
f˜1, . . . , f˜c, p (∈ Q) which form a regular system of parameters of RQ,
f1, . . . , fc (∈ P ) which form a regular system of parameters of SP and
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ψ(f˜i) = fi for i = 1, . . . , c.
Then, RQ/(f˜1, . . . , f˜c)RQ is also a regular local ring, in particular it is an inte-
gral domain. Consider the homomorphism Z(p) → RQ and a regular sequence
f1, . . . , fc ⊂ RQ⊗ZZ/(p) = RQ⊗Z(p)Z(p)/(p)Z(p), we obtain thatRQ/(f˜1, . . . , f˜c)RQ
is flat over Z(p) by [11, Corollary, p.177]. In particular, the homomorphism Z →
RQ/(f˜1, . . . , f˜c)RQ is injective, which implies the ring RQ/(f˜1, . . . , f˜c)RQ is of char-
acteristic 0.
As PSP = (f1, . . . , fc)SP , there exists h ∈ S \P such that PSh = (f1, . . . , fc)Sh.
Take h˜ ∈ R \Q such that ψ(h˜) = h and let
Σ := Rh˜/(f˜1, . . . , f˜c)Rh˜,
then it is also an integral domain and of characteristic 0. Now noting that S/P =
Z/(p)[α1, . . . , αc], we obtain
Σ⊗Z Z/(p) =
Rh˜/(f˜1, . . . , f˜c)Rh˜
p(Rh˜/(f˜1, . . . , f˜c)Rh˜)
= Sh/(f1, . . . , fc)Sh
= (S/P )h ⊂ Z/(p)(α1, . . . , αc) ⊂ k.
By the surjection Φp : Σ → Σ⊗Z Z/(p) we can take α˜1, . . . , α˜n ∈ Σ corresponding
to α1, . . . , αn ∈ Σ⊗ Z/(p).
By the definition of Σ, the field K0 := Q(Σ) of fractions of Σ is a finitely
generated field extension of Q. Then, by Baby Lefschetz Principle (see, for example,
[14]), there is an isomorphism into the subring:
φ : K0
∼−→ φ(K0) ⊂ C.
Then we obtain α˜ = {α˜1, . . . , α˜n} ⊂ C and α˜ (mod p) = α. As is seen, Σ ⊂ C is a
subring supporting the lifting. 
Proposition 2.4. Let k be a field of characteristic p > 0. Then, the following hold:
(i) For a subset f = {f1, . . . , fn} ⊂ k[X1, X2, . . . , XN ], there exists a set f˜ =
{f˜1, . . . , f˜n} in C[X1, X2, . . . , XN ] such that f˜ (mod p) = f .
(ii) For an ideal a ⊂ k[X1, X2, . . . , XN ], there exists an ideal a˜ ⊂ C[X1, X2, . . . , XN ]
such that a˜ ⊂ (X1, X2, . . . , XN ) and
a˜ (mod p) = a.
In this case we have in general
hta˜ ≥ hta.
Here, we define the height of the unit ideal of a ring R as dimR+ 1.
Proof. For a proof of (i), let α = {αi}i∈I ⊂ k be a finite set of coefficients of
f1, . . . , fn containing all nonzero coefficients of them. By Proposition 2.3 we can
take a lifting α˜ = {α˜i}i∈I ⊂ C to characteristic 0 of α. When fj (j = 1, . . . , n) is
represented as
fj =
∑
e∈ZN
≥0
αjeX
e, where Xe = Xe11 · · ·XeNN ,
we define
f˜j =
∑
e∈ZN
≥0
α˜jeX
e.
Then we have f˜ (mod p) = f . When a subring supporting α˜ (mod p) = αi is Σ,
then we can take Σ[X1, . . . , XN ] as a subring supporting the lifting f˜ (mod p) = f .
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For a proof of (ii), let f = {f1, . . . , fn} ⊂ k[X1, X2, . . . , XN ] be a system of gen-
erators of a. Then, by (i) we obtain a subset f˜ = {f˜1, . . . , f˜n} in C[X1, X2, . . . , XN ]
such that f˜ (mod p) = f . Then by definition, we have a lifting a˜(mod p) = a.
Under the notation in the proof of (i), a subring supporting the lifting a˜(mod p) =
a is S := Σ[X1, . . . , XN ].
Denote the fields of fractions of Σ⊗Z/(p) and of Σ by Q and Q˜, respectively. Let
aQ ⊂ Q[X1, . . . , XN ] be the ideal generated by f1, . . . , fn. Let a˜Σ ⊂ Σ[X1, . . . , XN ]
and a˜Q˜ ⊂ Q˜[X1, . . . , XN ] be the ideals generated by f˜1, . . . , f˜n in each ring. Then a
is the extension of aQ and a˜ is the extension of a˜Q˜. As the field extensions Q →֒ k
and Q˜ →֒ C are faithfully flat, the ring extensions Q[X1, . . . , XN ] →֒ k[X1, . . . , XN ]
and Q˜[X1, . . . , XN ] →֒ C[X1, . . . , XN ] are also faithfully flat, in particular flat.
Then, by [11, Theorem 15.1], we have
htaQ = ht(aQ(k[X1, . . . , XN ])) = hta,
hta˜Q˜ = ht(a˜Q˜(C[X1, . . . , XN ])) = hta˜.
Therefore, for the proof of the lemma, we have only to show
htaQ ≤ hta˜Q˜.
Actually let π : Z(a˜Σ)→ Spec Σ be the restriction of the flat morphism
Spec Z[X1 . . . , XN ]→ Spec Z. Let
Φ′p : Σ[X1, . . . , XN ]→ Σ⊗ Z/(p)[X1, . . . , XN ] →֒ Q[X1, . . . , XN ]
be the composite of the canonical projection and the inclusion. Then, the ideal
(Φ′p(a˜Σ)) ⊂ Q[X1, . . . , XN ] generated by the image Φ′p(a˜Σ) defines a special fiber of
π over Spec Q. On the other hand, a˜Q˜ defines the generic fiber of π over Spec Q˜.
Then, by [11, Theorem 15.1], we have
dimZ(a˜Q˜) ≤ dimZ(Φ′p(a˜Σ)).
Here, as Spec Σ[X1, . . . , XN ]→ Spec Σ is flat, we have the inequality of codimen-
sions, i.e.,
hta˜Q˜ ≥ ht(Φ′p(a˜Σ)),
where the right hand side is not less than htaQ because of the inclusion
(Φ′p(a˜Σ)) ⊃ aQ. (Note that the inclusion is not equal in general.) Now we obtain
hta˜Q˜ ≥ htaQ,
which completes the proof of the equality
hta˜ ≥ hta.

3. The conjectures and their relations
In this section we study a pair (A, ae) consisting of a nonsingular affine variety A
of dimension N defined over an algebraically closed field of arbitrary characteristic
and a “multiideal” ae = ae11 · · · aess on A with the exponent e = {e1, . . . , es} ⊂ R>0.
First we give a basic definition.
Definition 3.1. We say that E is a prime divisor over a variety A, if there is a
birational morphism A′ → A with normal A′ such that E is a prime divisor on A′.
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We say that a prime divisor E over A = ANk is a toric prime divisor, if there is
a vector w = (w1, . . . , wN ) ∈ ZN≥0 such that
valE(f) = min{〈w, u〉 | Xu ∈ f},
where Xu ∈ f means that the monomial Xu appears in f with a nonzero coefficient
and 〈w, u〉 =∑i wiui.
Note that in this case, E is a divisor on a toric variety A′ birational to ANk such
that E corresponds to the one dimensional cone R≥0w in the defining fan of A
′.
Definition 3.2. The log discrepancy of a pair (A, ae) at a prime divisor E over A
is defined as
a(E;A, ae) := kE −
s∑
i=1
eivalEai + 1,
where kE is the coefficient of the relative canonical divisor KA/A at E.
Here ϕ : A → A is a birational morphism with normal A such that E appears on
A.
Definition 3.3. Let (A, ae) be a pair and x ∈ A a closed point. Then the minimal
log discrepancy is defined as follows:
(1) When dimA ≥ 2,
mld(x;A, ae) = inf{a(E;A, ae) | E : prime divisor with the center x}.
(2) When dimA = 1, define mld(x;A, ae) by the same definitions as above if
the right hand side of the above definition is non-negative and otherwise
define mld(x;A, ae) = −∞.
Definition 3.4. Let A, N , and e as above and x ∈ A a closed point. We say that
a prime divisor E over A with the center {x} computes mld(x;A, ae), if{
a(E;A, ae) = mld(x;A, ae), when mld(x;A, ae) ≥ 0
a(E;A, ae) < 0, when mld(x;A, ae) = −∞
Remark 3.5. If there is a log resolution of (A, ae) in a neighborhood of x, or if e
is a set of rational numbers, then a prime divisor computing mld(x;A, ae) exists.
Otherwise, the existence of such a divisor is not known in general.
Now we are going to interpret the conjecture (MN,e) in terms of jet schemes.
For that we introduce the notion of jet schemes briefly. For basic properties on jet
schemes can be referred in [3], [7], [8].
Definition 3.6. Let X be a scheme of finite type over a field k and k′ ⊃ k a field
extension. For m ∈ Z≥0 a k-morphism Spec k′[t]/(tm+1)→ X is called an m-jet of
X and k-morphism Spec k′[[t]]→ X is called an arc of X .
Let Xm be the space of m-jets or the m-jet scheme of X . It is well known that
Xm has a scheme structure of finite type over k. There exists the projective limit
X∞ := lim←−m
Xm
and it is called the space of arcs or the space of ∞-jet of X . Every point Spec k′ →
X∞ corresponds to an arc Spec k
′[[t]]→ X .
Definition 3.7. Denote the canonical truncation morphisms induced from k[[t]]→
k[t]/(tm+1) and k[t]/(tm+1) → k by ψm : X∞ → Xm and πm : Xm → X , respec-
tively. In particular we denote the morphism ψ0 = π∞ : X∞ → X by π. We also
denote the canonical truncation morphism Xm′ → Xm (m′ > m) induced from
k[t]/(tm
′+1)→ k[t]/(tm+1) by ψm′,m.
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Definition 3.8. We define the subset contact locus in the space of arcs as follows:
Cont≥m(a) = {γ ∈ X∞ | ordγ(a) := ordtγ∗(a) ≥ m},
where γ∗ : OX → k′[[t]] is the homomorphism of rings corresponding to the arc
γ : Spec k′[[t]]→ X .
By this definition, we can see that
Cont≥m(a) = ψ−1m−1(Z(a)m−1),
where Z(a) is the closed subscheme defined by the ideal a on X .
Example 3.9. Let Z ⊂ AN =: A be a closed subscheme of affine N -space AN =
Spec k[X1, . . . , XN ] defined over a field k with the defining ideal a ⊂ k[X1, . . . , XN ].
Assume a is generated by f1, . . . , fr ∈ k[X1, . . . , XN ]. We define polynomials
F
(j)
i ∈ k[X(q)ℓ | 1 ≤ ℓ ≤ N, 0 ≤ q ≤ j]
so that
fi
∑
q≥0
X
(q)
1 t
q,
∑
q≥0
X
(q)
2 t
q, . . . ,
∑
q≥0
X
(q)
N t
q
 = F (0)i + F (1)i t+ · · ·+ F (j)i tj + · · · .
Then the m-jet scheme Zm is defined in (A
N )m ≃ AN(m+1) by the ideal of
k[X
(q)
ℓ | 1 ≤ ℓ ≤ N, 0 ≤ q ≤ m] generated by
F
(j)
i (i = 1, . . . , r, j = 0, 1, . . . ,m).
Here, we note that if all coefficients of fi’s are in a subring Σ ⊂ k, then all coefficients
of F
(j)
i ’s are also in Σ. (This fact will be used in the proof of Lemma 3.13.)
The fiber π−1m (0) of the origin 0 ∈ AN = A by the truncation morphism πm :
Am → A is defined in
k[X
(q)
ℓ | 1 ≤ ℓ ≤ N, 0 ≤ q ≤ m] by
X
(0)
1 , . . . , X
(0)
N .
Proposition 3.10 ([3] for characteristic 0, [8] for arbitrary characteristic). Let
A be a nonsingular variety defined over an algebraically closed field of arbitrary
characteristic, 0 ∈ A a closed point, e = {e1, . . . , es} a finite subset of R>0 and ae
as in the beginning of this section. Then, we obtain the following formula:
(1) mld(0;A, ae)
= inf
m∈Zs
≥0
{
codim(Cont≥m1(a1) ∩ · · · ∩ Cont≥ms(as) ∩ π−1(0), A∞)−
s∑
i=1
eimi
}
.
Definition 3.11. Under the same notation as above. Define the function sm(0;A, a
e)
on m = (m1,m2, . . . ,ms) ∈ Zs≥0 as follows:
sm(0;A, a
e) = codim
(
Cont≥m1(a1) ∩ · · · ∩ Cont≥ms(as) ∩ π−1(0), A∞
)− s∑
i=1
eimi
Remark 3.12. For a given m = (m1, . . . ,ms) ∈ Zs≥0, denote m′i = mi − 1
and assume that m′1 = max{m′i} to simplify the notation. By the definition of
codim(−, A∞) ([1, Definition 3.2]), we have the following:
(2) sm(0;A, a
e)
= Nm1−dim
(
Z(a1)m′1 ∩ ψ−1m′1,m′2(Z(a2)m′2) ∩ · · · ∩ ψ
−1
m′1,m
′
s
(Z(as)m′s) ∩ π−1m′1(0)
)
−
s∑
i=1
eimi,
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where, we define Z(ai)−1 = A as a convention. Later on, we will use this expression
of sm(0;A, a
e).
If A = ANk , 0 ∈ ANk is the origin and ai are generated by fij (j = 1, . . . , ri) for
each i = 1, . . . , s, then by Example 3.9,
Z(a1)m′1 ∩ ψ−1m′1,m′2(Z(a2)m′2) ∩ · · · ∩ ψ
−1
m′1,m
′
s
(Z(as)m′s) ∩ π−1m′1(0)
is defined on ANm1 = (AN )m′1 by the ideal generated by
F
(q)
1,ℓ (ℓ = 1, . . . , r1, q = 0, . . . ,m
′
1), . . . , F
(q)
s,ℓ (ℓ = 1, . . . , rs, q = 0, . . . ,m
′
s) and X
(0)
1 , . . . , X
(0)
N .
Note that these are elements of k[X
(q)
i | 1 ≤ i ≤ N, 0 ≤ q ≤ m′1].
Lemma 3.13. Let k be an algebraically closed field of characteristic p > 0. Let
a = {a1, . . . , as} be a set of ideals of k[X1, . . . , XN ] such that ai ⊂ (X1, . . . , XN)
for every i = 1, . . . , s and e = {e1, . . . , es} ⊂ R>0. Let a˜ = {a˜1, . . . , a˜s} be a lifting
to characteristic 0 of a.
Then for every m ∈ Zs≥0 it follows
sm(0;A
N
k , a
e) ≤ sm(0;ANC , a˜e).
Proof. Let ai be generated by fij (j = 1, . . . , ri) and a˜i be generated by gij (j =
1, . . . , ri) such that
(3) {gij | i, j} (mod p) = {fij | i, j}.
Take m ∈ Zs≥0 and let m1 = max{mi} to simplify the notation. We use the
notation in Remark 3.12. Then, for every m′i := mi − 1, the m′i-th jet scheme
Z(ai)m′
i
is defined by
F
(q)
i,j (j = 1, . . . , r1, q = 1, . . . ,m
′
i),
where F
(q)
i,j is defined from fi,j as in Example 3.9. In the same way, Z(a˜i)m′i is
defined by
G
(q)
i,j (j = 1, . . . , r1, q = 1, . . . ,m
′
i),
where G
(q)
i,j is defined from gi,j as well. Now by the definition of F
(q)
i,j and G
(q)
i,j and
(3), we have
{G(q)i,j | i, j, q} (mod p) = {F (q)i,j | i, j, q}.
In the formula (2), we denote the defining ideal of
Z(a1)m′1 ∩ ψ−1m′1,m′2(Z(a2)m′2) ∩ · · · ∩ ψ
−1
m′1,m
′
s
(Z(as)m′s) ∩ π−1m′1(0)
in (ANk )m′1 by Im(a) and the defining ideal of
Z(a˜1)m′1 ∩ ψ−1m′1,m′2(Z(a˜2)m′2) ∩ · · · ∩ ψ
−1
m′1,m
′
s
(Z(a˜s)m′s) ∩ π−1m′1(0)
in (AN
C
)m′1 by Im(a˜). Since, Im(a) is generated by
F
(q)
1,j (j = 1, . . . , r1, q = 1, . . . ,m
′
1), . . . , F
(q)
s,j (j = 1, . . . , rs, q = 1, . . . ,m
′
s), X
(0)
1 , . . . , X
(0)
N
and Im(a) is generated by
G
(q)
1,j (j = 1, . . . , r1, q = 1, . . . ,m
′
1), . . . , G
(q)
s,j (j = 1, . . . , rs, q = 1, . . . ,m
′
s), X
(0)
1 , . . . , X
(0)
N .
We obtain that
Im(a˜) (mod p) = Im(a).
Then by Proposition 2.4, (ii), we have
(4) htIm(a) ≤ htIm(a˜).
On the other hand, (2) gives
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sm(0;A
N
k , a
e) = Nm1 − dimZ(Im(a))−
s∑
i=1
eimi,
sm(0;A
N
C , a
e) = Nm1 − dimZ(Im(a˜))−
s∑
i=1
eimi,
Therefore, by (4) we obtain
sm(0;A
N
k , a
e) ≤ sm(0;ANC , a˜e).

Definition 3.14. Let A, x, a and e be as in the beginning of this section. We say
that m ∈ Zs≥0 (or sm(x;A, ae)) computes mld(x;A, ae) if{
sm(x;A, a
e) = mld(x;A, ae), when mld(x;A, ae) ≥ 0
sm(x;A, a
e) < 0, when mld(x;A, ae) = −∞
Now, we state the conjectures about the minimal log discrepancies.
Conjecture 3.15 (DN,e). Let A = A
N
k be defined over an algebraically closed field
k of arbitrary characteristic, 0 the origin and e a finite subset of R>0. Then, there
is a positive integer ℓ′N,e(depending only on N and e) such that for every multiideal
a
e with the exponent e on A, there is m ∈ Zs≥0 (s = #e) computing mld(0;A, ae)
satisfying |m| :=∑mi ≤ ℓ′N,e.
We obtain the equivalence of the conjectures. The equivalence on ae of a special
type is proved in [9] and its proof works essentially for the general case, but for the
reader’s convenience we exhibit the proof here.
Proposition 3.16. Let A be an N -dimensional nonsingular affine variety defined
over an algebraically closed field k of arbitrary characteristic, 0 ∈ A a closed point
and e a finite subset of R>0. Then, we obtain the following:
(i) For any multiideal ae with the exponent e on A, there exists a prime divisor
E computing mld(0;A, ae) if and only if there exists m ∈ Zs≥0 computing
mld(0;A, ae);
(ii) In the set of pairs (A, ae) consisting of nonsingular affine varietie A and
multiideals ideal ae, MN,e holds if and only if DN,e holds.
Proof. We will prove (i) and (ii) together in the following way:
Step 1. Assume that a prime divisor E over A computes mld(0;A, ae), then there
exists m ∈ Zs≥0 computing mld(0;A, ae).
If moreover kE ≤ ℓN,e holds, then we can take m computing mld such that
|m| ≤ (ℓN,e + 1 +max{ei})/min{ei}.
Step 2. Assume that m computes mld(0;A, ae), then there exists a prime divisor
E over A computing mld(0;A, ae).
If moreover m satisfies |m| ≤ ℓ′N,e, then the E obtained above satisfies
kE ≤ N − 1 + ℓ′N,e ·max{ei}.
[Proof of Step 1] For the divisor E in the statement of Step 1, let mi := valEai.
Then,
kE + 1−
s∑
i=1
eimi = mld(0;A, a
e) or < 0.
Consider the maximal divisorial set CA(valE) ⊂ A∞ that is the closure of the
irreducible subset
{γ ∈ A∞ | ordγ = valE}
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(see [1] or [6] for details) . Then, as mi = valEai for every i, CA(valE) is contained
in the closed subset
C(m) := Cont≥m1(a1) ∩ Cont≥m2(a2) ∩ · · · ∩ Cont≥ms(as) ∩ π−1(0)
of A∞. Then,
codim(CA(valE), A∞) ≥ codim(C(m), A∞).
As sm(0;A, a
e) = codim(C(m), A∞)−
∑
eimi and codim(CA(valE), A∞) = kE +1
(it is proved in [1] for characteristic 0 and in [8] for positive characteristic) we obtain
(5) sm(0;A, a
e) ≤ kE + 1−
∑
eimi,
As E computes mld(0;A, ae), the right hand side of the above inequality is either
mld(0;A, ae) or negative. This shows that m computes mld(0;A, ae).
Now we assume kE ≤ ℓN,e. First we consider the case mld(0;A, ae) ≥ 0. Then
by (5), we obtain
ℓN,e + 1−mld(0;A, ae) ≥ kE + 1−mld(0;A, ae) =
∑
eimi ≥ min
i
{ei}|m|,
and it shows
|m| ≤ ℓN,e + 1
mini{ei} .
Next we consider the case mld(0;A, ae) = −∞. For a prime divisor E computing
mld(0;A, ae) we have
kE + 1−
∑
i
eivalE(ai) < 0.
But even for some choices of n = (n1, . . . , ns) ∈ Z≥0 with ni ≤ valE(ai) (∀i) the
following inequality may hold:
kE + 1−
∑
i
eini < 0.
Considering this fact, we define
D :=
{
E
∣∣∣∣ prime divisor computing mld(0;A, ae)and satisfying kE ≤ ℓN,e
}
and let n ∈ Zs≥0 attain the minimal value:
min
{
|n|
∣∣∣∣ E ∈ D, ni ≤ valE(ai) (∀i)kE + 1−∑i eini < 0
}
.
Let E ∈ D give the minimal value |n|. Here, we may assume that n1 ≥ 1. Now,
define n∗ = (n∗1, . . . , n
∗
s), so that n
∗
1 = n1 − 1 and n∗i = ni (i 6= 1).
Claim. sn∗(0;A, a
e) ≥ 0.
Considering the definition of sn∗(0;A, a
e), we have an irreducible component
C ⊂ C(n∗) such that
codim(C,A∞) = codim(C(n
∗), A∞).
It is known that a finite codimensional irreducible component of the intersection
of finite number of contact loci is a maximal divisorial set ([8, Corollary 3.16]),
therefore C = CA(q · valE′) for some q ∈ N and a prime divisor E′ over A with the
center {0}. Therefore, as codim(CA(q · valE′), A∞) = q(kE′ + 1) (it is proved in [1]
for characteristic 0 and in [8] for positive characteristic) we obtain
(6) q(kE′ + 1)−
∑
ein
∗
i = sn∗(0;A, a
e).
Assume that this value is negative. Then, by (6) and q · valE′(ai) ≥ n∗i , we have
q
(
kE′ + 1−
∑
eivalE′(ai)
)
≤ q(kE′ + 1)−
∑
ein
∗
i = sn∗(0;A, a
e) < 0,
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which implies that E′ computes mld(0;A, ae). On the other hand, by n∗i ≤ ni for
every i, we have CA(valE) ⊂ C(n) ⊂ C(n∗), which yields
ℓN,e + 1 ≥ kE + 1 = codim(CA(valE), A∞) ≥ codim(C(n∗), A∞)
= codim(CA(q · valE′), A∞) = q(kE′ + 1) ≥ kE′ + 1.
Thus E′ computes mld(0;A, ae) = −∞, kE′ ≤ ℓN,e, kE′ + 1 −
∑
i ein
∗
i < 0 and
|n∗| < |n|, which is a contradiction to the minimality of |n|.
Now, as we showed the claim sn∗(0;A, a
e) ≥ 0 in the above discussion, we obtain
q(kE′ + 1)−
∑
ein
∗
i ≥ 0. Here, as we see above kE + 1 ≥ q(kE′ + 1), we obtain
kE + 1−
∑
eini + e1 = kE + 1−
∑
ein
∗
i ≥ 0,
which yields
lN,e + 1 + e1 ≥
∑
eini ≥ min{ei}|n|.
Now we obtain that n ∈ Zs≥0 computes mld(0;A, ae) and satisfies
|n| ≤ (ℓN,e+1+ e1)/min{ei}. Hence, to conclude the proof of Step 1, we can take
ℓ′N,e := (ℓN,e + 1 +max{ei})/min{ei}.
[Proof of Step 2] Assume that m computes the minimal log discrepancy. Take a
maximal divisorial set CA(q · valE) ⊂ C(m) which gives codim(C(m), A∞). Then
codim(CA(q · valE), A∞) = sm(0;A, ae) +
∑
eimi.
Here, we have codim(CA(q · valE), A∞) = q(kE + 1). On the other hand, since
CA(q · valE) ⊂ C(m), it follows q · valE(ai) ≥ mi. Then, we obtain
(7) q(kE + 1)−
∑
ei(q · valE(ai)) ≤ q(kE + 1)−
∑
eimi = sm(0;A, a
e),
which implies that E computes mld(0;A, ae) in both cases mld ≥ 0 and mld = −∞.
Now, assume m ∈ Zs≥0 computes mld(0;A, ae) and satisfies |m| ≤ ℓ′N,e. Take a
prime divisor E over A as above.
First we consider the case mld(0;A, ae) ≥ 0. Then (7) implies q = 1 and the
following:
(8) kE+1−
∑
eivalE(ai) ≤ kE+1−
∑
eimi = sm(0;A, a
e) = mld(0;A, ae) ≤ N,
which yields that E computes mld(0;A, ae) and
kE ≤ N − 1 + ℓ′N,e ·max{ei}.
Next we consider the case mld(0;A, ae) = −∞, then by (7), we have
q · (kE + 1−
∑
eivalE(ai)) ≤ q(kE + 1)−
∑
eimi = sm(0;A, a
e) < 0,
which also yields that E computes mld(0;A, ae) and
kE ≤ ℓ′N,e ·max{ei} − 1.
In the both cases we obtain a bound
kE ≤ N − 1 + ℓ′N,e ·max{ei}.

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Up to now we discussed about minimal log discrepancies of a pair, In the rest of
this section we discuss about log canonical threshold which also evaluates “good-
ness” of the singularities of a pair.
To show the statements on log canonical threshold, we remind us the definition
of log canonical threshold lct(A, a) for a nonsingular variety A and a coherent ideal
sheaf a on A and some basic properties.
Definition 3.17. Let A be a nonsingular variety defined over an algebraically
closed field and a a nonzero coherent ideal sheaf on A. Log canonical threshold
lct(x;A, a) at a closed point x ∈ A is defined as follows:
lct(x;A, a) := sup{r ∈ R≥0 | (A, ar) is log canonical at x}.
Note that
lct(x;A, a) = inf
{
kE + 1
valE(a)
| E prime divisor over A with cA(E) ∋ x
}
.
Let E be a prime divisor over A with the center containing x. We say that E
computes lct(x;A, a) if
kE + 1
valE(a)
= lct(x;A, a)
holds.
Remark 3.18. (1) Log canonical threshold is defined for any klt variety, but
in this paper we only work on the origin 0 on the affine space A = ANk .
(2) If (A, a) has a log resolution ϕ : A˜→ A, then
lct(0;A, a) = min
{
kE + 1
valE(a)
| E prime divisor on A˜ with ϕ(E) ∋ 0
}
.
Therefore, in this case there is a prime divisor over A computing lct(0;A, a).
But, up to this moment, for the base field of characteristic p > 0 the
existence of a prime divisor computing log canonical threshold is not known
in general.
Proposition 3.19 ([12] for characteristic 0 and [15] for positive characterisitic).
Let A = ANk , 0 and a as above, then there is an interpretation of log canonical
threshold by jet schemes as follows:
lct(0;A, a) = inf
m∈N
codim0(Z(a)m, Am)
m+ 1
,
where codim0(Z(a)m, Am) = codim((Z(a) ∩ U)m, Am) for sufficiently small neigh-
borhood U of 0. Note that the right hand side is constant for sufficiently small U
and in particular if
√
a = m for the maximal ideal m defining 0 in A, we have
codim0(Z(a)m, Am) = codim(Z(a)m, Am) = codim(Cont
≥m+1(a), A∞).
Definition 3.20. We define a function zm(0;A, a) on m ∈ N as follows:
zm(0;A, a) :=
codim0(Z(a)m, Am)
m+ 1
.
Then, as in Proposition 3.19,
lct(0;A, a) = inf
m∈N
zm(0;A, a).
Lemma 3.21. Let k be an algebraically closed field of arbitrary characteristic and
A = ANk the affine space of dimension N ≥ 1 defined over k. Let m be the defining
ideal of the origin 0 ∈ A and µ a positive integer. Define the set Iµ of ideals as
follows:
Iµ := {a ideal on A | mµ ⊂ a ⊂ m}.
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Then the following are equivalent:
(i) There is a positive integer LN,µ (depending only on N and µ) such that for
every ideal a ∈ Iµ, lct(0;A, a) is computed by a prime divisor E over A
with kE ≤ LN,µ.
(ii) There is a positive integer L′N,µ (depending only on N and µ) such that
for every ideal a ∈ Iµ, zm(0;A, a) computes lct(0;A, a) (i.e., lct(0;A, a) =
zm(0;A, a) holds) for some m ≤ L′N,µ.
Proof. First we prove (i) ⇒ (ii). By the assumption (i), for an ideal a ∈ Iµ there
is a prime divisor E over A with kE ≤ LN,µ such that E computes lct(0;A, a). Let
valEa = m+ 1, then we have
(9) lct(0;A, a) =
kE + 1
m+ 1
≤ LN,µ + 1
m+ 1
.
Here, as valEa = m+ 1, we have
CA(valE) ⊂ Cont≥m+1(a).
Then considering the codimensions in A∞ of the both hand sides, we obtain
kE + 1 ≥ codim(Cont≥m+1(a), A∞).
Therefore,
kE + 1
m+ 1
≥ zm(0;A, a).
Here, as the left hand side is lct(0;A, a) and the right hand side is not less than
lct(0;A, a), the equality holds:
lct(0;A, a) = zm(0;A, a)
and by (9) the value m satisfies
m =
kE + 1
lct(0;A, a)
− 1 ≤ LN,µ + 1
lct(0;A, a)
− 1 ≤ LN,µ + 1
lct(0;A,mµ)
− 1,
where note that the last term does not depend on the choice of a.
Next we prove (ii) ⇒ (i). Take an ideal a ∈ Iµ. As we assume (ii), there exists
m ≤ L′N,µ such that
(10) zm(0;A, a) = lct(0;A, a)
Take an irreducible component
(11) CA(q · valE) ⊂ Cont≥m+1(a)
such that codim(CA(q · valE), A∞) = codim(Cont≥m+1(a), A∞). Then we have
q(kE + 1)
m+ 1
= zm(0;A, a).
On the other hand, by the inclusion (11), it follows q · valEa ≥ m+ 1. Then,
lct(0;A, a) ≤ kE + 1
valEa
=
q(kE + 1)
q · valEa ≤
q(kE + 1)
m+ 1
= lct(0;A, a).
Hence, E computes lct(0;A, a) and kE + 1 ≤ (m + 1) · lct(0;A, a) ≤ (L′N,µ + 1)N .
Thus we obtain a uniform bound
kE ≤ (L′N,µ + 1)N − 1.

INVERSION OF MODULO p REDUCTION 15
4. Proofs of the main results and a problem
In this section, we will prove the main theorems stated in the section one and give
a problem whose affirmative answer would give descent of the statements to the
whole set of pairs (ANk , a
e) of positive characteristic.
Lemma 4.1. Let k be an algebraically closed field of characteristic p > 0, (ANk , a
e)
a pair and E a toric prime divisor over ANk with the center at 0. Then, there are
a prime divisor E˜ over AN
C
with the center at 0 and multiideal a˜e such that
kE = kE˜ , valEai = valE˜ a˜i, and a˜i(mod p) = ai for all i,
where a˜e = a˜e11 · · · a˜ess and ae = ae11 · · · aess .
Proof. Let the toric prime divisor E overANk correspond to the vectorw = (w1, . . . , wN ) ∈
Z>0. Let E˜ be the toric prime divisor over A
N
C
corresponding to w. Then,
kE + 1 = 〈w,1〉 = kE˜ + 1,
where 1 = (1, 1, . . . , 1).
For our lemma, it is sufficient to construct a lifting a˜i of ai (i = 1, . . . , s) such
that
valEai = valE˜ a˜i.
First we will show that for a polynomial f ∈ k[X1, . . . , XN ] there exists f˜ ∈
C[X1, . . . , XN ] such that
f˜(mod p) = f and valEf = valE˜ f˜ .
Express
f =
∑
u∈ZN
≥0
αuX
u.
Let d := valEf = minαu 6=0〈w, u〉. By Proposition 2.4, there exists a lifting f =∑
u∈Z≥0
α˜uX
u ∈ C[X1, . . . , XN ] of f . Divide f into the sum of two polynomials
f = f˜<d + f˜≥d,
where f˜<d =
∑
〈w,u〉<d α˜uX
u and f˜≥d =
∑
〈w,u〉≥d α˜uX
u. Note that f˜<d(mod p) =
0, as f(mod p) = f and valEf = d. Define f˜ := f˜≥d. Then, we obtain that
f˜(mod p) = f and
valE˜ f˜ = min
Xu∈f˜
〈w, u〉 = d = valEf.
Next we apply the discussion above to the ideals. For each generator fij of ai we
obtain a lifting f˜ij to characteristic 0 by the above procedure. Here, note that we
can take them in a common subring supporting the liftings. Let them generate an
ideal a˜i ⊂ R˜0. Then we obtain that
a˜i(mod p) = ai.
If fi1 computes valEai then f˜i1 computes valE˜ a˜i by the definition of a˜i and we
obtain
valEai = valEfi1 = valE˜ f˜i1 = valE˜ a˜i,
which completes the proof. 
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[Proof of Theorem 1.8] Let k be an algebraically closed field of characteristic
p > 0. We divide our discussion into two cases (a) mld(0;ANk , a
e) ≥ 0 and
(b) mld(0;ANk , a
e) = −∞.
In case (a), let δ := mld(0;ANk , a
e) ≥ 0. Since (ANk , ae) ∈ Mk, for every ǫ > 0
there exists a toric prime divisor Eǫ over A
N
k with the center at {0} such that
a(Eǫ;A
N
k , a
e)− δ < ǫ.
Then, by Lemma 4.1, there exist a multiideal a˜ǫ in C[X1, . . . , XN ] and a prime
divisor E˜ǫ over A
N
C
such that
(12) a(Eǫ;A
N
k , a
e) = a(E˜ǫ;A
N
C , a˜
e
ǫ).
Here, as we assume that (MN,e) holds for the base field C, (DN,e) also holds for C
by Proposition 3.16. Therefore, there exists mǫ ∈ Zs≥0 such that |mǫ| ≤ ℓ′N,e and
(13) smǫ(0;A
N
C , a˜
e
ǫ) = mld(0;A
N
C , a˜
e
ǫ).
On the other hand, by Lemma 3.13, we have:
(14) smǫ(0;A
N
C , a˜
e
ǫ) ≥ smǫ(0;ANk , ae).
By composing (12), (13) and (14), we have
δ + ǫ > a(Eǫ;A
N
k , a
e) = a(E˜ǫ;A
N
C , a˜
e
ǫ) ≥ mld(0;ANC , a˜eǫ)
= smǫ(0;A
N
C , a˜
e
ǫ) ≥ smǫ(0;ANk , ae) ≥ δ.
Therefore we have a sequence {mǫ}ǫ
such that |mǫ| < ℓ′N,e and |smǫ(0;ANk , ae)− δ| < ǫ.
Since the set {m ∈ Zs≥0 | |m| ≤ ℓ′N,e} is finite, we have that mǫ = m (constant) for
sufficiently small ǫ, and
sm(0;A
N
k , a
e) = δ.
Therefore, we obtain that this m satisfies |m| ≤ ℓ′N,e and computes mld(0;ANk , ae).
By Proposition 3.16, this proves (MN,e) holds in Mk and also there exists a prime
divisor over ANk that computes mld(0;A
N
k , a
e).
In case (b) mld(0;ANk , a
e) = −∞, by the definition of Mk, there exists a toric
prime divisor E over ANk with the center at {0} such that a(E;ANk , ae) < 0.
Then, by Lemma 4.1, there exist a multiideal a˜ of C[X1, . . . , XN ] and a prime
divisor E˜ over AN
C
such that
a(E;ANk , a
e) = a(E˜;ANC , a˜
e) < 0,
which implies mld(0;AN
C
) = −∞. Since we assume that (MN,e) holds over the base
field C, (DN,e) also holds by Proposition 3.16 and therefore there exists m such
that |m| < ℓ′N,e and sm(0;ANC , a˜e) < 0. Here, as is seen in Lemma 3.13, we obtain
sm(0;A
N
k , a
e) ≤ sm(0;ANC , a˜e) < 0.
Thus we obtain m such that |m| < ℓ′N,e and computes mld(0;ANk , ae) = −∞. So,
in this case (MN,e) holds for k. 
[Proof of Corollary 1.10] Let a be a set of monomial ideals {a1, . . . , as} of
k[X1, . . . , XN ]. Define a set of monomial ideals a˜ = {a˜1, . . . , a˜s} of C[X1, . . . , XN ]
such that a˜i is generated by the same monomials as ai for every i. Then,
a˜i(mod p) = ai.
It is known that both (ANk , a1 · a2 · · · as) and (ANC , a˜1 · a˜2 · · · a˜s) have toric log reso-
lutions ([5]). As the Newton polygon of the ideal a1 · a2 · · · as is the same as that of
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a˜1 · a˜2 · · · a˜s, we can take a common fan corresponding to log resolutions. In general,
on a log resolution there is a prime divisor computing the minimal log discrepancy.
In our case all divisors on the log resolutions are toric divisors and they satisfy
valE(ai) = valE˜(a˜i) and kE = kE˜ ,
where E and E˜ the toric divisors over ANk and A
N
C
, respectively, corresponding to
a common vector w ∈ ZN≥0. Then, we can see that there is a toric prime divisor
computing mld(0;ANk , a
e) and
(15) mld(0;ANk , a
e) = mld(0;ANC , a˜
e).
Hence, by Theorem 1.8, Mustat¸aˇ-Nakamura’s conjecture descends to the set of
the pairs (ANk , a
e) with monomial ideals ai. On the other hand, the conjecture is
known to hold for the pairs (AN
C
, a˜e) with monomial ideals a˜i in characteristic 0.
Therefore, for the whole set of pairs (ANk , a
e) with monomial ideals ai Mustat¸aˇ-
Nakamura’s conjecture holds. As the conjecture is equivalent to ACC conjecture in
characteristic 0, the equality (15) gives ACC in positive characteristic.
[Proof of Theorem 1.11] The statement is proved over the base field of charac-
teristic 0 by Shibata (see the proof of Theorem A.4 in the appendix). Let k be an
algebraically closed field of characteristic p > 0 and a ⊂ k[X0, . . . , XN ] a nonzero
proper ideal and assume mµ ⊂ a ⊂ m, where m = (X0, . . . , XN ). Take a system of
generators f = {f1, . . . , fu} of a. We may assume that f contains all monomials of
degree µ in variables X1, . . . , XN . Let c := lct(0;A
N
k , a).
Now by the assumption that (ANk , a) ∈ Lk, for every ǫ > 0 there exists a toric
prime divisor Eǫ over A
N
k with the center 0 such that
(16)
∣∣∣∣kEǫ + 1valEǫa − c
∣∣∣∣ < ǫ.
Then, by Lemma 4.1, we obtain a prime divisor E˜ǫ over A
N
C
and a lifting a˜ǫ of a
such that
kEǫ = kE˜ǫ and valEǫ(a) = valE˜ǫ(a˜ǫ).
On the other hand, by the definition of a˜ǫ in Lemma 4.1 we obtain
(17) m˜µ ⊂ a˜ǫ.
Now by (16), we obtain
(18) c+ ǫ >
kEǫ + 1
valEǫa
=
kE˜ǫ + 1
valE˜ǫ a˜ǫ
≥ lct(0;ANC , a˜ǫ).
Here, because of (17), we can apply Proposition 1.4 to (AN
C
, a˜ǫ) and by Lemma 3.21
we obtain that the last term of the above inequalities is expressed as follows:
(19) lct(0;ANC , a˜ǫ) = zmǫ(0;A
N
C , a˜ǫ)
for some mǫ ≤ L′N,µ where L′N,µ depends only on N and µ. By the same discussion
as about sm in Lemma 3.13, we obtain
(20) zmǫ(0;A
N
C , a˜ǫ) ≥ zmǫ(0;ANk , a) ≥ c.
By composing (16), (18), (19) and (20) we obtain
(21) c+ ǫ ≥ zmǫ(0;ANk , a) ≥ c.
As mǫ is a positive integer bounded by L
′
N,µ, we have mǫ = m (constant) for
sufficiently small ǫ and the equality
zm(0;A
N
k , a) = c.
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This shows the existence of m computing lct(0;ANk , a) and also the uniform bound
L′N,µ ofm. By Lemma 3.21 this yields the bound LN,µ of kE for some prime divisor
E computing the log canonical threshold. 
[Proof of Corollary 1.12] Take a pair (ANk , a) ∈ Lk and assume that a is m-
primary. Then, there exists µ ∈ N such that
m
µ ⊂ a.
Hence, by Theorem 1.11, we obtain a prime divisor overANk computing lct(0;A
N
k , a).

Now we consider a generalization of the main theorems to the descent to the
whole set of pairs in positive characteristic. First we pose a problem which asks if
Lemma 4.1 holds for every prime divisor E over ANk with the center 0.
Problem 4.2. Let k be an algebraically closed field of characteristic p > 0, (ANk , a
e)
a pair and E a prime divisor over ANk with the center 0. Then, are there a prime
divisor E˜ over AN
C
with the center 0 and multiideal a˜e such that
kE = kE˜ , valEai = valE˜ a˜i, and a˜i(mod p) = ai for all i ?
Concerning with this problem, we obtain the following:
Proposition 4.3. If Problem 4.2 is affirmatively solved, then Mustat¸aˇ-Nakamura’s
conjecture and ACC conjecture over C descend to the whole set of pairs (ANk , a
e)
defined over an algebraically closed field k of positive characteristic.
Proof. About Mustat¸aˇ-Nakamura’s conjecture, the proof is the same as the proof of
Theorem 1.8 and we have only to replace the word “toric prime divisor” by “prime
divisor”. To show the descent of ACC conjecture, we assume that ACC conjecture
holds over C. Let
(22) mld(0;ANk , a
e(1)
(1) ) < mld(0;A
N
k , a
e(2)
(2) ) < · · · < mld(0;ANk , a
e(i)
(i) ) < · · ·
be an ascending chain with e(i) ⊂ J and multiideals a(i) of k[X1, . . . , XN ] for every
i ∈ N, where J is a DCC set.
As we assume that the conjecture (AN ) holds over the base field C, by [10,
Theorem 4.6], the conjecture (MN,e) holds over the base field C for every finite set
e ⊂ R>0. Then, by the above discussion, for each i ∈ N there exists a prime divisor
Ei computing mld(0;A
N
k , a
e(i)
(i) ). Therefore, if Problem 4.2 is affirmatively solved,
there exist a˜(i) and E˜i over the base field C such that a˜(i)(mod p) = a(i) and
mld(0;ANk , a
e(i)
(i) ) = a(Ei;A
N
k , a
e(i)
(i) ) = a(E˜i;A
N
C , a˜
e(i)
(i) ) ≥ mld(0;ANC , a˜
e(i)
(i) ).
By Lemma 3.13, we obtain
mld(0;ANk , a
e(i)
(i) ) = mld(0;A
N
C , a˜
e(i)
(i) ).
Now, the ascending chain (22) coincides with the ascending chain on AC:
mld(0;ANC , a˜
e(1)
1 ) < mld(0;A
N
C , a˜
e(2)
2 ) < · · · < mld(0;ANC , a˜
e(i)
i ) < · · · .
By the assumption (AN ) over C, this sequence stops at a finite stage, which yields
(AN ) over k. 
Proposition 4.4. Assume that Problem 4.2 is affirmatively solved and moreover
under the notation in Problem 4.2 assume that m˜µ ⊂ a˜ when a pair (ANk , a) satisfies
m
µ ⊂ a. Then, for every pair (ANk , a) with an m-primary ideal a, there exists a
prime divisor over ANk computing lct(0;A
N
k , a).
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Proof. We have only to replace the word “toric prime divisor” in the proof of
Theorem 1.11 by “prime divisor” and the observe that the proof of Corollary 1.12
works. 
The following is provided by Mircea Mustat¸aˇ.
Proposition 4.5 (M. Mustat¸aˇ). Assume Problem 4.2 is affirmatively solved. Let a
be an ideal in k[X1, . . . , XN ], where k is an algebraically closed field of characteristic
p > 0. Then either there is a divisor E with center 0 that computes c = lct(0;ANk )
or c lies in the set TN−1 of log canonical thresholds in characteristic 0, for ideals
in k[X1, . . . , XN−1]. In any case, we get that the log canonical threshold of every
ideal in positive characteristic is a rational number.
Proof. In order to prove the assertion, we use the fact that if c does not lie in TN−1,
then c is not an accumulation point of log canonical thresholds in TN . Choose ǫ > 0
such that there is no element of TN in (c, c+ ǫ). Take a prime divisor E over A
N
k
with the center 0 such that
kE + 1
valE(a)
< c+ ǫ,
and then by choosing a prime divisor E˜ over an ideal a˜ in C[X1, . . . , XN ] satisfying
the conditions in the Problem 4.2. Then
c+ ǫ >
kE + 1
valE(a)
=
kE˜ + 1
valE˜(a˜)
≥ lct(0;ANC , a˜) ≥ c.
Here, the last inequality follows from
zm(0,A
N
C , a˜) ≥ zm(0,ANk , a) for every m ∈ N,
which is proved in the same way as the inequality of sm’s in Lemma 3.13. By the
choice of ǫ we obtain
lct(0;AC, a) = c.
This already shows that c is a rational number. Using again the fact that c is
not in TN−1, it follows that we have a prime divisor F over A
N
C
with center 0
that computes lct(0;AN
C
, a˜). In particular, there is m ∈ Z>0 such that lct(0;ANC , a˜)
is computed by zm(0,A
N
C
, a˜). Using the inequality zm(0,A
N
C
, a˜) ≥ zm(0,ANk , a)
and the fact that the two log canonical thresholds are equal, we see that in fact
lct(0,ANk , a) is computed by zm(0,A
N
k , a), and we obtain our assertion. 
Remark 4.6. Problem 4.2 may be solved by reducing the problem into the case
of toric divisor by using the result that every discrete valuation can be lifted to a
monomial valuation on an extended field ([4]).
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Appendix
by Kohsuke Shibata, University of Tokyo, Meguro, Tokyo, Japan
A. Proof of Proposition 1.4 in characteristic 0
In this section, we prove that there is a bound of discrepancies of prime divisors
computing log canonical thresholds of ideals which contains a fixed power of the
maximal ideal. We use the theory of generic limit of ideals to show this statement.
Throughout this section, we always assume that the base field k is an algebraically
closed field of characteristic 0.
We recall the definition of the generic limit of ideals and some of its properties.
The reader is referred to [2] for details.
Let R = k[[X1, . . . , XN ]] with the maximal ideal m and for every field extension
L/k let RL = L[[X1, . . . , XN ]] and mL = mRL. For every d, let Hd be the Hilbert
scheme parametrizing the ideals in R containing md. We have a natural surjective
map τd : Hd → Hd−1 and by generic flatness, we can cover Hd by disjoint locally
closed subsets such that the restriction of τd to each of these subsets is a morphism.
We now fix a positive integer s. Consider the product (Hd)s and the map
td : (Hd)s → (Hd−1)s that is given by τd on each component.
We define a generic limit of the collection of s-tuples {(a(i)1 , . . . , a(i)s )}i∈I of ideals
in R indexed by an infinite set I. we can construct irreducible closed subsets
Zd ⊂ (Hd)s such that
(1) td induces a dominant rational map Zd 99K Zd−1,
(2) Id := {i ∈ I|(a(i)1 +md, . . . , a(i)s + md) ∈ Zd} is infinite,
(3) the set of points in (Hd)s indexed by Id is dense in Zd.
Let K := ∪d≥1k(Zd). For each d, the morphism SpecK → Zd corresponds to an
s-tuple (a˜
(d)
1 , . . . , a˜
(d)
s ). Furthermore there exist ideals aj in RK for 1 ≤ j ≤ s
such that a˜
(d)
j = aj + m
d
K . We call the s-tuple (a1, . . . , as) the generic limit of the
collection of s-tuples {(a(i)1 , . . . , a(i)s )}i∈I .
Lemma A.1. [Lemma 3.1 and Lemma 3.2 in [2]] With the above notation, suppose
that b ⊂ a(i)j ⊂ m for some ideal b ⊂ R and every i, j. Then bRK ⊂ aj ⊂ mK for
every j.
We put X = SpecR and X˜ = SpecRK . We denote by x and x˜ the closed points
of X and X˜, respectively.
Proposition A.2. [Proposition 3.3 in [2], Proposition 3.1 in [13]] With the above
notation, suppose that a
(i)
j are proper nonzero ideals. We write (a
(i))
e
:=
∏s
j=1(a
(i)
j )
ej
and ae :=
∏s
j=1 a
ej
j for some positive real numbers e = {e1, . . . , es}. Suppose that
aj 6= 0 for all j. Then the following hold:
(i) For every positive real numbers e = {e1, . . . , es}, then lct(x˜; X˜, ae) is a limit
point of the set {lct(x;X, (a(i))e)| i ≥ 1, i ∈ I}.
(ii) If E is a prime divisor over X˜ computing lct(x˜; X˜, ae) for some positive
real numbers e = {e1, . . . , es} and having center at the closed point x˜, then
for every d ≫ 0 there is an infinite subset I ′d ⊂ I depending on E and e
and satisfying the following property: for every i ∈ I ′d there is a divisor
Ei over X that computes lct(x;X,
∏s
j=1(a
(i)
j + m
d)ej ), which is equal to
lct(x˜; X˜,
∏s
j=1(aj + m
d
K)
ej ) and we have valE(mK) = valEi(m), kE = kEi
and valE(aj +m
d
K) = valEi(a
(i)
j + m
d) for 1 ≤ j ≤ s.
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Definition A.3. Let X be a log terminal variety, x a closed point of X and b a
proper nonzero ideal on X . The minimal discrepancy of X computing lct(x;X, b)
is defined by
md(lct(x;X, b)) := min{kE | E computes lct(x;X, b)}.
Theorem A.4. Let R = k[[X1, . . . , XN ]] with the maximal ideal m. Let X =
SpecR and x the closed point of X.
Then, for a positive integer µ, there is a positive integer LN,µ depending only on
N and µ such that for every m-primary ideal b on X with mµ ⊂ b, there is some
prime divisor E over X that computes lct(x;X, b) and satisfies kE ≤ LN,µ.
Proof. We argue by contradiction. If the conclusion of the theorem fails, then we
can find a sequence of m-primary ideals (ai)i≥1 such that for every i, m
µ ⊂ ai ⊂ m
and
limi→∞md(lct(x;X, ai)) =∞.
Let a ⊂ K[[X1 . . . , Xn]] be the generic limit of (ai)i≥1. Let RK = K[[X1, . . . , XN ]]
with the maximal ideal mK . We put X˜ = SpecRK . Let x˜ be the closed point of X˜ .
Then by Lemma A.1, we have
m
µ
K ⊂ a ⊂ mK .
Since a is an mK-primary ideal, any divisor over X˜ computing lct(x˜; X˜, a) has the
center at the closed point x˜. Let E be a divisor over X˜ computing lct(x˜; X˜, a).
Then by Proposition A.2, for every d≫ µ there is an infinite subset I ′d ⊂ N with
the following property: for every i ∈ I ′d there is a divisor Ei over X that computes
lct(x;X, ai), which is equal to lct(x˜; X˜, a) and we have
kE = kEi for every i ∈ I ′d.
This is a contradiction to the assumption that limi→∞md(lct(x;X, ai)) =∞. 
The above theorem does not hold if we do not assume the inclusion mµ ⊂ a of
ideals for the fixed power µ.
Example A.5. Let ai = (x, y
i) ⊂ k[x, y] for i ∈ N. Then by the main theorem in
[5], we have
lct(0;A2k, ai) = sup{t ∈ R≥0 | (1, 1) ∈ t · Newt(x, yi)},
where Newt(x, yi) ⊂ R2≥0 is the Newton polygon spanned by x and yi. Therefore
lct(0;A2k, ai) = (i+ 1)/i.
Let Ei be a prime divisor over A
2
k computing lct(0;A
2
k, ai). Then
(kEi + 1)/valEi(ai) = (i+ 1)/i.
We can rewrite this as i(kEi + 1) = (i + 1)valEi(ai). Note that kEi and valEi(ai)
are integers. Since i and i+1 are coprime, the integer kEi + 1 is divisible by i+ 1.
Therefore kEi + 1 ≥ i+ 1. This implies that limi→∞md(lct(0;A2k, ai)) =∞.
Remark A.6. In the theorem we can replace the conditionmµ ⊂ b by the following:
ℓ(OX/b) ≤ µ,
because from this inequality, the condition mµ ⊂ b follows.
By the same reason, it is also possible to replace the condition mµ ⊂ b by the
following inequality of the multiplicity e(b) of b:
e(b) ≤
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